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Abstract: The existence of closed orbits of real algebraic groups on certain real al-
gebraic spaces is established. As an application it is shown that if G is a real reductive
group with Iwasawa decomposition G = KAN , then all unipotent subgroups of G are
conjugate to a subgroup of N .
2000 MSC: 14L30, 20G20, 22E15, 17B81
A real algebraic group G is, for the purposes of this paper, a closed connected subgroup
of GL(n,R) such that the group GC of GL(n, C)whose Lie algebra is Lie(G) + iLie(G)
is an affine algebraic subgroup of GL(n, C):here Lie(G) is the Lie algebra of G.
The aim of this note is to prove the following result
Proposition: LetG ⊂ GL(n,R)be a real algebraic group and H,L real algebraic subgroups
of G.Let M = GC/H Cand ξ0 = eH
C .Then L has a closed orbit in Gξ0.
This result has an interesting corollary which is useful in several contexts.
Corollary: Let G be a reductive group with Iwasawa decomposition G = KAN . Let
u ⊂ Lie(G) be a subalgebra in which every element is nilpotent and U the subgroup of G
whose Lie algebra is u. Then U is conjugate to a subgroup of N. In particular, all maximal
unipotent subgroups are conjugate in G
This result is also a special case of a result in Borel-Tits [2 p.126]. It is also proved in
Mostow [5] and Vinberg [6 p.276, 11]. It seems not be as well known as it should be. For
example, it is not given in standard references like Helgason [3] or Knapp [4], although the
1 dimensional case is proved in Helgason [3 p.431] using the Jacobson-Morozov theorem.
The author learnt about the results in [2] from Venkatramana (private communication)
after a first draft of the note had been written.
A knowledge of solvable subgroups is of importance in theoretical physics, as ex-
plained in the papers of Patera, Winternitz and Zassenhaus [8,9], where the authors have
determined all maximal solvable connected subgroups of the classical real groups. The
classification of solvable subgroups is also of great practical use in the reduction theory
of differential equations.
Our proof is based on the following ideas, whose details are given in the proof of
Theorem 3 in [1]. For a subset Z of a manifold M and a point p in M , the tangent space
Tp(Z) to Z at p is the subspace of Tp(M) spanned by the vectors γ
′(0), where γ : I →M
is a differentiable curve whose trace lies in Z with γ(0) = p.
Let K be a compact group of transformations ofM whose fixed point setMK is nonempty.
For a point p in MK , the set of all points r in MK which can be joined to p by curves
{γ(t)}t∈I ⊂MK with dim Tγ(t)(MK) = dim Tp(MK) for all t ∈ I is both open and closed in
MK . Hence it is the component of MK passing through p and this component is invariant
under any connected group operating on MK . It follows that if G ⊃ H are Lie groups
and σ is an automorphism of finite order of G with σ(H) = H, then the (Gσ)
o - orbits in
(G/H)σ are the connected components of (G/H)σ.
For a closed connected subgroup G ofGL(n,R) its complexification GC is the subgroup
of GLn,C) whose Lie algebra is Lie(G) + iLie(G).
Proof of the Proposition:
The space M = GC/HC is a smooth algebraic variety. Let σ denote complex conjugation
on GC as well on M . The group GC is generated by the complex 1 parameter subgroups
exp(zX), z ∈ C, with X ∈ Lie(G), so indeed σ operates on GC and on GC/HC by
σ(gHC) = σ(g)HC, g ∈ GC .
Consider the LC orbit of ξ0 = eH
C in M = GCξ0. Because all groups involved are
algebraic, the Zaraski closure of LCξ0 contains L
Cξ0 and lower dimensional orbits [7,p.19].
Let Z be the union of all the lower dimensional orbits. We have
LCξ0 = L
Cξ0 ∪ Z
Now (LCξ0)σ ∩Gξ0 = ((L
Cξ0)σ ∩Gξ0) ∪ ((Z)σ ∩Gξ0) (∗)
Case 1: Suppose, in equation (∗) on the right hand side, the second intersection is empty.
We then have
(LCξ0)σ ∩Gξ0 = (L
Cξ0)σ ∩Gξ0
From now on, the topological terms used are in the context of the classical topology. From
the left hand side of the last equation, the connected component of ξ0 in (LCξ0)σ ∩ Gξ0
is a closed set in Gξ0. From the right hand side, the connected component of ξ0 in
(LCξ0)σ ∩Gξ0 is at least Lξ0 and it cannot be more because the connected component of
ξ0 in (L
Cξ0)σ is Lξ0.
So, Lξ0 is a closed subset of the orbit Gξ0.
Case2: Suppose in equation (∗), the second intersection is nonempty. The orbit Gξ0 is a
union of L orbits. So take a point gξ0 = η0 in Z. As g is in G we have Gξ0 = Gη0 but
now the Zariski closure of the orbit LCη0 has the open L
Cη0 orbit with lower dimension
than LCξ0. Therefore, repeating the argument as in Case 1 with ξ0 replaced by η0 we
find, ultimately that for some g in G, the orbit Lgξ0 is closed in Gξ0. This completes the
proof of the proposition.
Proof of the Corollary
Let G = KAN be an Iwasawa decomposition of G. The group A is an algebraic torus of
G in the sense that AC is an algebraic torus of GC . Let H = AN . So HC = ACNC and
(HC)σ = (A
C)σ(N
C)σ = AN
As AC and NC are algebraic groups, so is HC and M = GC/HC is a smooth algebraic
variety. Let the group U be as in the statement of the corollary. Since every element in
the Lie algebra of U is nilpotent, the group U is a real algebraic unipotent subgroup of
G.
Let ξ0 = eH
C . The orbit Gξ0 is compact and, by the Proposition, the group U has a
closed orbit in Gξ0. Let this orbit be Ugξ0. On the one hand this is a closed set in the
compact set Gξ0; on the other hand, being an orbit of a unipotent subgroup, it must be
a cell. Therefore it must be a point. Hence Ugξ0 = gξ0, which means that g
−1Ug ⊂ HC .
But G ∩ HC = H , so g−1Ug ⊂ H . Since the only unipotent elements of H are in N
we have U ⊂ gNg−1. This completes the proof of the corollary.
To determine maximal connected solvable algebraic groups of G, one notices that the
unipotent part is normalized by the semisimple elements in the solvable group. Specific de-
tailed information is in the basic papers of Patera et al [8,9] and in Snobel-Winternitz [10].
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